We present a general procedure to analyze the axial-irradiance distribution generated by an unlimited diffractive lens under coherent, Gaussian illumination. The resulting on-axis diffraction pattern, which is evaluated in terms of the power complex spectrum of the Fresnel-zone transmittance, explicitly depends on the truncation parameter that we define, which evaluates the effective number of zones illuminated by the Gaussian beam. Depending on the value of this parameter, different kinds of axial behavior are observed. In particular, for moderate values a multiple-focal-shift phenomenon appears, and a simple formula for its evaluation is presented. Additionally, for low values of the truncation parameter, a focal-merge effect is observed in multifocal zone plates.
INTRODUCTION
Zone plates have been widely used in optical systems 1 such as optical disk readout setups, 2 confocal scanning microscopes, 3, 4 beam-shaping elements, 5 and miniature optical switching devices. 6 Advanced phototechnologies and computer synthesis of diffractive elements allow considerable facilitation of their fabrication and printing. 7 In contrast to designs using refractive elements, diffractive lenses provide important features uniquely suitable for such optical applications: (1) a zone plate is similar to a multifocal lens and has an infinity of foci, whose distances to the plate are a fraction of the principal focal length, 8 and (2) the dispersion resulting from a diffraction phenomenon is, in general, stronger than that from refraction, providing a more sensitive wavelength-to-focallength dependence. 2, 3 Most of the systems using diffractive lenses are laser technological setups, where the versatility and the small size of a fiber-based device make it an attractive candidate for a micromechanical optical arrangement. 9 Several analytical descriptions have been proposed for the wave field in the focal regions of diffractive lenses under plane-wave illumination. Boivin 10 published an analytical study of the diffraction phenomenon produced by the Fresnel zone plate by summing up the contributions of each transparent zone. By using Fourier analysis, Novotný 11 interpreted the transmission function of diffractive lenses as a superposition of the transmission functions of ideal lenses. The three-dimensional wavefield structure in the focal region does not deviate from that of an ideal lens for a high number of periods. 12 Diffractive lenses are featured by a limited numerical aperture that is constrained by the minimum size possible with current microfabrication technology. Eventually, this may lead to an optical device with a low number of periods. Interesting features are observed in the caustics of zone plates when the number of Fresnel zones is not large (Ͻ100). In the far field, an interference pattern of contrast nonlocalized fringes 5 has been observed that is due to the relevance of secondary diffraction orders. Koronkevich and Pal'chikova 13 have found that the field is asymmetric with respect to the nominal focal plane and that the maximum of intensity on the optic axis is shifted from the geometrical focus for zone plates with a stepwise kinoform phase profile. Jiang et al. 14 have found that the so-called focal-shift effect 15 -17 also appears for a Fresnel zone plate under spherical uniform illumination, providing an approximated formula for the evaluation of the relative focal shift.
Boivin analysis 10 seems to be appropriate for diffractive lenses containing a low number of Fresnel zones. Otherwise, when the contribution of a large number of zones is significant, the Novotný 11 procedure yields results that are more efficient. However, for nonuniform illumination, it is possible to find a diffractive optical setup where a great number of Fresnel zones must be taken into account, though only a few of them contribute strongly to the overall irradiance distribution in the different focal regions.
The aim of this study is to present a novel formulation, which is highly efficient within a wide range of illumination considerations, for describing the axial behavior of diffractive lenses under Gaussian beam illumination. It is then straightforward to show that, under certain circumstances, it is possible to observe a focal-shift effect in zone plates of high number of periods, provided that the illumination has a nonuniform Gaussian profile. In fact, this assumption holds in laser technological setups where the light is emitted from a single-mode optical fiber. For this purpose, in Section 2 we develop an expression for the evaluation of the axial-irradiance distribution generated by an unlimited diffractive lens under Gaussian plane illumination. The resulting on-axis diffraction pattern explicitly depends on the truncation parameter de-fined here, which evaluates the effective number of Fresnel zones illuminated by the Gaussian beam. Section 3 shows that, depending on the value of this parameter, different kinds of axial behavior are observed. In particular, a multiple-focal-shift phenomenon appears for moderate values, and a simple formula for its evaluation is reported. To illustrate our formulation, Section 4 is devoted to investigating the axial behavior of several kinds of diffractive lenses. Specifically, the multiplefocal-shift effect for the cases of a Fresnel zone plate and a stepwise relief kinoform lens is theoretically discussed. In addition, interesting phenomena are found for underunity truncation parameters, such as a merge of axial neighbor foci.
IRRADIANCE DISTRIBUTION ALONG THE OPTIC AXIS
Let us consider a circular diffractive lens that is fully illuminated by a plane Gaussian beam. For simplicity, we assume that the propagating wave impinges normally upon the diffractive lens in such a way that the center of the Gaussian pattern coincides with that of the zone plate (see Fig. 1 ). The amplitude transmission of such a diffractive plane element may be described by a periodic function with the square radial coordinate 2 as
where represents the convolution operation and a( 2 /T 2 ) stands for the transverse transmittance, usually denoted as the normalized unit cell, which is replicated with a period given by T 2 . The wave-field distribution in the transverse plane just behind the zone plate, denoted from here on as the reference plane, can be expressed, according to the Kirchhoff boundary conditions, 18 as
where we have introduced a Gaussian attenuation along the radial coordinate that is due to the nonuniform distribution of the illuminating radiation. In Eq. (2) A indicates the incident-wave amplitude on the optic axis, and is the waist spot size. The diffracted field can be evaluated on a transverse plane with respect to the propagation direction, located a distance z from the reference plane, by means of the Fresnel-Kirchhoff diffraction formula (see Ref. 18, Sec. 4.2) , that is,
The paraxial approximation that is assumed here will provide a suitable evaluation of the diffracted field when the inequality z ӷ T ӷ holds, provided that the outermost Fresnel zones of the diffractive lens do not contribute significantly to the overall diffracted field. By inserting Eq. (2) into Eq. (3), we can obtain the amplitude distribution along the optic axis by restricting the diffraction formula to the axial points r ϭ 0. Moreover, it has been shown 19, 20 that the resulting integral can be conveniently transformed with the use of a geometrical mapping given by ϭ 2 . Therefore the axial-amplitude distribution may be expressed as
where we have neglected an unessential phase factor. We have introduced the function q() ϭ t(), which arises from the geometrical mapping performed in the diffraction integral, that is,
Note that we have extended the lower limit of the integral in Eq. (4) to Ϫϱ, since the function q() vanishes for Ͻ 0. From Eq. (4) it is apparent that the axial behavior of a circular zone plate under Gaussian illumination is determined by the one-dimensional (1-D) Fourier transform, with complex scale factor, of the causal quasi-periodical function q(). Then, profiting from the 1-D convolution nature of the function q(), as shown in Eq. (5), we can rewrite the complex-argument Fourier transform of q() as a product of two terms. The first is simply the 1-D Fourier transform of the normalized unit cell, denoted as ã , whereas the second is given by
Equation (6) represents a geometrical series of infinite terms. Fortunately, we can sum up all the terms by means of the well-known relation 
giving
where the axial coordinate has been expressed in terms of
which stands for the Gaussian Fresnel number associated with the different diffraction patterns of the Gaussian beam, 21 and where we have introduced a new parameter, denoted as the truncation parameter, which we have defined as
This parameter indicates the number of Fresnel zones from the diffractive lens that are covered by the Gaussian waist spot. Therefore it gives a rough estimation of the number of Fresnel zones that effectively contribute to the diffraction pattern. Finally, the axial-irradiance distribution can properly be written, apart from a constant factor A 2 , as
where the term ͉F(N, ␣)͉ 2 can be expressed as
This relevant formula, which fully describes the axial behavior of diffractive lenses for any value of the truncation parameter, indicates that the axial-irradiance distribution is governed by the product of three different factors. The first, (N/␣) 2 , describes the irradiance attenuation inherent in spherical wave propagation. The second term, defined here as the diffraction term, takes into account the diffraction effect produced by the amplitude transmittance of the unit cell. Finally, the third term, or interference term, considers the focusing properties of a zone plate under Gaussian illumination.
FOCI GENERATION AND THE MULTIPLE-FOCAL-SHIFT EFFECT
To investigate the focusing properties associated with a diffractive lens, in Fig. 2 we represent graphically the interference term ͉F͉ 2 versus a normalized Gaussian Fresnel number N/2␣ for some typical values of the truncation parameter ␣. From this figure it is apparent that the interference term is composed of an infinite number of uniformly distributed peaks, whose maxima are located accordingly for Gaussian Fresnel numbers, taking the values
with n ϭ 0, Ϯ1, Ϯ2,... .
The axial positions of the local maxima expressed in terms of the axial coordinate z are f n ϭ T 2 /2n, which precisely coincide with the well-known foci positions of a circular zone plate. 8 For n ϭ 0 we find the singularity f 0 → ϱ, whose interpretation is that the curvature of the zero-order diffracted beam is flat. We observe that the width of the interference-term peaks depends only on the truncation parameter ␣.
In analogy to the resonance-properties analysis of a Fabry-Perot interferometer, 23 we can evaluate the ratio of the gap hold between two adjacent peaks to the peak width, giving the so-called finesse that is,
The analogy is fully justified in the sense that a multiplewave interference process occurs, one concerning an infinite number of plane waves generated in a resonant cavity and the other involving Fresnel wavelets proceeding from the multiple zones of the diffracting plate. Standard use of diffractive lenses requires a high number of Fresnel zones to be well illuminated, which is established mathematically as ␣ becomes much higher than unity. This results in an approximately linear dependence of F on the truncation parameter, i.e., F ϭ ␣. In this case the interference term contains a set of welldefined peaks with a low focal depth (see Fig. 2 ). In these small regions, the propagation factor and the diffracting term, contributing to the axial-irradiance pattern [see Eq. (11a)], do not vary appreciably, taking the approximate values (2n) 2 and ͉ã (n)͉ 2 , respectively. This agrees with the commonly used assumption 24 that the height of the nth-order focus of a diffractive lens is directly proportional to the product n 2 ͉ã (n)͉ 2 . Nevertheless, the above analysis no longer holds for low values of the truncation parameter. Most of the practical uses of diffractive lenses in current micro-optical setups satisfy such a constraint. 1 According to Eq. (13), in this case the parameter F comes closer to unity, that is, the width of every peak increases with respect to the separation with the neighboring peaks, starting an overlapping process. Simultaneously, both the propagation factor and the diffraction term may notably change in the focal regions. For the sake of simplicity, we will assume that the major deviation is caused by the propagation factor, which holds for moderate values of ␣, and the most typical unit-cell profiles a. Then we can expand the denominator in Eq. (8) into a Taylor series, up to a firstorder approximation, about the nth-order peak, giving
If we approximate the interference term to the constant value ͉ã (n)͉ 2 , the axial behavior in the vicinities of the nth zone-plate focus may be written in accordance with Eq. (11a) as
According to Eq. (15), we find that the loci of the local maxima in the axial-irradiance distribution are given by
From this equation we confirm that when the truncation parameter ␣, and then N n , tend to infinity, the maxima along the axial-irradiance distribution coincide with the foci of the zone plate. However, for decreasing values of ␣, the local maxima suffer a slight displacement given by higher values of the Gaussian Fresnel number, that is, toward the diffractive lens. This interesting result allows us to recognize the existence of a multiple-focal-shift effect in zone plates under Gaussian illumination for moderate values of the truncation parameter.
Note that Eq. (15) is similar to that describing the axial behavior of a spherical Gaussian beam. 25 Interestingly, this occurs when a kinoform lens is illuminated by a plane Gaussian beam. In this case the unit-cell profile can be expressed as
where m is an integer. Specifically, m ϭ 1 corresponds to a converging diffractive lens, m ϭ Ϫ1 represents a diverging kinoform zone plate, and the harmonic diffractive lenses 26 hold for m ϭ Ϯ2, Ϯ3,... . The diffracting term can be analytically evaluated in terms of the sinc function, i.e.,
so, finally, we have
By inserting Eq. (19) into Eq. (11a), we find that the irradiance distribution along the optic axis is given by
We can observe that Eqs. (15) and (20) follow the same behavior when the mth order is evaluated, that is, n ϭ m. Figure 3 shows the axial-irradiance distribution of such a phase plate in terms of the reduced coordinate N/N m ϭ N/2m␣ for different values of the truncation parameter. We clearly observe a focal-shift effect for values of ␣ close to and lower than unity.
PARTICULAR EXAMPLES: FOCI-MERGE EFFECT
Next, we apply our formalism to the well-known Fresnel zone plate. This binary diffractive element consists of a set of concentric transparent and obscured annuli, all having the same area and distributed alternately along the transverse direction. 24 The unit cell is then given by
The Fourier transform can be easily expressed in terms of the sinc function, giving Fig. 3 . Axial-irradiance distribution, normalized to the in-focus value, corresponding to a converging kinoform zone plate (m ϭ 1) illuminated by a Gaussian beam. We observe a focal-shift effect when the truncation parameter decreases to values close to unity. In this case the point of maximum irradiance along the axis has a Gaussian Fresnel number higher than that corresponding to the principal focus, meaning that the focus shifts toward the kinoform lens.
Now we can determine the axial behavior by using Eqs. (11) , so the irradiance distribution along the axis is given by
In Fig. 4 we observe the predicted multiple-focal-shift effect. For high values of the truncation parameter, the height of the maxima along the axis equalizes, as predicted for uniform plane illumination by standard procedures. 24 For decreasing values of the truncation parameter ␣ close to unity, the width of the peaks constituting the multifocal structure increases. This effect, which appears by virtue of the interference term as discussed in Section 3, is accompanied by a stronger influence of the asymmetry characterizing the propagation term. Although both combined effects yield a multiple focal shift, this effect is almost negligible except for the principal focus. Finally, the diffraction term selects the height of the axial peaks, which explains why even orders vanish.
In Fig. 5 we check the accuracy of Eq. (16) for evaluating the amount of focal shift suffered by the first three foci. It is shown that Eq. (16) gives suitable values for the focal shift for ␣ у 1. In this case the displacements of the maxima are always lower than the distance between adjacent peaks. Otherwise, the approximated formula given in Eq. (16) overestimates the multiple focal shift. In this case the diffractive term must be taken into account, since the assumption of a slow dependence on the Gaussian Fresnel number within the focal region holds only for values of the truncation parameter not lower than unity. Interestingly, we observe that for ␣ ϭ 0.17 (1/␣ ϭ 5.8 in the plot abscissa) the principal focus suffers a rapid merge process with the third-order maximum. For lower values of ␣, we find several successive points where higher-order foci merge, giving rise to a monotonic behavior of the axial-irradiance distribution. For the sake of clarity, in Fig. 6 we illustrate graphically the influence of the focal-merge effect on the axialirradiance distribution for low values of the truncation parameter ␣.
To end up, we analyze the axial response of phase diffractive lenses with a stepwise profile, i.e., diffractive elements that approach a kinoform lens by the introduction of a phase-step relief. 12 Recent technological procedures 1 allow the use of steps with a small phase shift and reduced lateral dimensions, implying that the phase-plate efficiency can be extremely high. Then we describe the unit cell of such a structure as
where Fig. 4 . Normalized axial-irradiance distribution versus reduced Gaussian Fresnel number. We observe a deviation from the multifocal behavior for truncation parameters close to unity. The height of the peaks does not equalize, since the propagation factor causes an asymmetry along the optic axis. Also, this term leads to the displacement of the axial maxima toward the Fresnel zone plate, giving rise to a multiple focal shift. 
In Eq. (25) M stands for the number of steps used in the kinoform phase-profile approach. The spectrum of the unit cell given in Eq. (24) can be written as
By an appropriate change of variable within each integration in Eq. (26), i.e., n Ј ϭ n Ϫ n/M, we evaluate the 1-D Fourier transform of the unit cell as
The integral can be expressed in terms of the sinc function [see Eq. (18)], whereas the finite sum is analytically described by using Eq. (7), so that we finally obtain
Finally, Eqs. (11) provide the axial-irradiance distribution of a stepwise phase diffractive lens, giving 
(29) Figure 7 shows graphically the axial behavior expressed in Eq. (29) for a zone plate with (a) a two-step (M ϭ 2) and (b) a four-step (M ϭ 4) phase relief. We observe that the number of foci decreases with the number of phase steps M. The distance between adjacent foci is then enlarged following a 2M␣ rule, given in terms of the Gaussian Fresnel number. 13 Consequently, the influence of adjacent foci diminishes, and for a low truncation parameter ␣ the interference term in Eq. (11b) still becomes significant in the multifocal structure. Moreover, the axial behavior shows a higher resistance to the focal-merge effect, and Eq. (16) reflects a more realistic distribution of the foci locations, as shown in Fig. 8 .
SUMMARY AND CONCLUSION
We have analyzed the axial-irradiance distribution of ideal diffractive lenses illuminated by a plane nonuniform Gaussian beam. The axial behavior can be evaluated by means of a simple formalism based on a complexargument spectral procedure. We have proved that the resulting distribution is composed of three different terms: one is associated with the diffraction effects of the unit cell, another concerns the interference process caused by the multiple zone structure of a diffractive lens, and the last considers the attenuation inherent in wave propagation.
Within this closed-form formalism, we can interpret the multiple-foci generation associated with a zone plate, as well as a multiple-focal-shift phenomenon observed when the effective number of illuminated zones, defined here as the truncation parameter, is close to unity. Finally, with the aid of some particular examples, a focalmerge effect is shown as a transition to an axial monotonic behavior for very low values of the truncation parameter. It is worthy to mention that, in dual-focus systems, the propagation factor can not only shift the focal loci but also produce a focal switch toward the diffracting element. 27, 28 
